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COUPLED RADrATION, CONDUCTION AND CONVECTION 

IN ENTRANCE REGION FLOW 
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Abstract-An analyticai procedure is developed to investigate the interaction or coupling of radiation 
with the conduction and convection mechanism in a nonisothermal, nongray gas flowing in the entrance 
region of a tube with isothermal, black walls. The flow is considered to be hydrodynamically developed 
and laminar. The radiation was found to drastically affect the temperature distribution and the convective 
heat transfer in the cylindrical flow field treated. Neither the gray gas assumption nor the transparent gas 
assumption nor the diffusion approbation is invoked since each was found inadequate. Thus the 
interlayer absorption effects of a nongray, nonisothermal gas are accounted for in the analysis. Both 
axial and radial radiative components are included. An exponential band model was used to represent 
the temperature and frequency dependence of the spectral absorption coefftcients. The analysis is not 
restricted to the use of an exponential band model which was used, as a good example, to represent the 
radiative properties of COz. The exact formulation of the interaction of radiation, conduction, and 
convection in a flowing, nongray, emitting and absorbing medium is represented by a nonlinear integro- 
differential equation which was solved numerically. The results of various simplify prediction methods 

were compared with the exact results obtained. 

NOMENCLATURE system [ft] ; 
area [ft”] ; X0, axial position of radiation collec- 
specific heat at constant pressure tion point [ft] ; 
[Btu/lbm-“F] ; X7 axial coordinate [ft] ; 
emissive power [Btu/ft2-s] ; X8, Y’, z’, Cartesian coordinates [ft]. 
convective heat-transfer coefftcient 
[Btu/ft’-s-OF] ; Greek symbols 
intensity of radiation [Btu/ft’-s-sr] ; a, total absorptivity; 
thermal conductivity [Btu/ft-s-OF] ; c, total emissivity ; 

mean beam length [ft] ; 0, polar angle of spherical coordinate 
mass flow rate [lbm/s] ; system ; 
pressure [atm] ; KY7 spectral absorption coefficient 
heat-transfer rate [Btu/s] ; [ft2/lbm] ; 
heat flux [Btu/ft%] ; v, wave number [cm- ‘1; 
radius [ft] ; vo, wave number at band head [cm- ‘1; 
tube radius [ft] ; PI mass density [lbm/ft3] ; 
radius of radiation collection point q Stefan-Boltzmann constant 
[ft] ; [Btu/ft2-s-“R4] ; 
coordinate of spherical coordinate r, optical thickness ; 
system [ft] ; 4, 97 azimuthal angle of spherical co- 
temperature PR] ; ordinate system. 
axial component of velocity [ft/s] ; 
volume [ft”] ; Subscripts 
axial coordinate of cylindrical B, bulk ; 
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b, black body ; 
cond, conduction ; 

9, gas ; 
r, radiative ; 
rad, radiation; 
W, wall ; 

V, spectral. 

Superscripts 

ax, 
rad, 

axial component ; 
radial component. 

INTRODUCTION 

THE TREND toward increasing temperatures in 
modern t~hnological systems has prompted a 
concerted effort to develop more comprehensive 
and accurate analytical methods to treat radia- 
tion. At present, the importance of such methods 
is abundantly evident in the development and 
study of space systems, certain classes of 
nuclear reactors, rocket combustion chambers 
and plumes, hypersonic flight and missile re- 
entry, high temperature plasma technology and 
electric arcs, meteorological problems, burning 
forests, industrial furnaces and steam generating 
units. In particular, the interaction or coupling 
of radiation with conduction and/or convection 
in radiation emitting and absorbing media has 
been found to be significant in some of these 
applications. 

Since radiation is, as Hottel has termed it, an 
“action-at-a-distant” phenomenon which in 
gases involves interlayer attenuation effects 
which are dependent on the distributions ,of 
temperature, density, frequency, and chemical 
composition, complications arise because of its 
three-dimensional character. The analytical 
di~culties imposed by the interlayer absorption 
effects can be circumvented by simply ignoring 
these effects with the use of the transparent gas 
assumption. For systems of low optical thickness 
this assumption is realistic. For systems of large 
optical density the diffusion approximation is 
generaby invoked. The overwhelming inter- 
layer absorption effects in optically dense media 
reduce the “action-at-a-distance” character of 

the radiation substantially to a diffusion pro- 
cess, and such an approximation can be success- 
fully applied. In most realistic radiating gas 
systems, however, the nongray nature of the gas 
is such that the gas is essentially transparent in 
the radiating band wings or extremities, while 
at the same time it is optically dense at the band 
heads. Thus the complicated frequency depend- 
ence of the radiation can change the character 
of the radiative transport process in a nongray 
gas from one frequency range to the next. 
There is no valid approximation for the inter- 
mediate optical densities, and the radiative 
transport in the range of these associated 
frequencies is the most difficult to treat analytic- 
ally. 

The Goulards [l] studied the interaction of 
radiation and conduction in the Couette flow of 
a transparent, gray gas between two isothermal 
walls at different temperatures. They found that, 
under these assumptions, the radiation coupling 
tended to make the temperature gradients in the 
gas more uniform. Viskanta and Grosh [2] 
obtained an approximate solution to the same 
gray gas Couette flow problem by introducing 
the Rosseland diffusion approxi~tion to con- 
vert the integrodi~erential energy equation to a 
differential equation. Thus the Couette flow 
problem has been solved for a gray gas using the 
two limiting simplifying assumptions. Adrianov 
and Shorin [3] treated the case of coupled 
radiation and convection for a gray gas in 
laminar flow through a gray isothermal tube. 
The gas absorptivity was assumed independent 
of temperature and although the attenuation of 
radiation from the hot gas to the cold wall was 
considered, the interchange of radiation between 
the gas elements was neglected, Gas conduction 
and the effect of axial temperature gradients 
were also ignored. Flow between parallel plates 
was also considered. Einstein [4] used Hottel 
and Cohen’s [S] zoning technique for analyzing 
heat transfer and temperature dist~butions in a 
gray gas flowing within a tube and also between 
infinite parallel plates. The gas absorptivity was 
assumed independent of temperature and the 



COUPLED RADIATION, CONDUCTION AND CONVECTION 41 

effects of coupled radiation, conduction, and 
convection were treated with distributed energy 
sources in the gas. Nichols [6] considered the 
thermal entrance length problem for turbulent 
flow of a nongray gas (steam) in an annulus. The 
interaction of radiation with conduction and 
convection was studied by assuming interlayer 
absorption effects based on a mean path length 
tem~rature, and gas to gas radiation was 
ignored in certain regions. The analysis is 
restricted to cases for which the radiation 
absorption is small compared to the convection 
since the solution was obtained by perturbing 
the solution to an equivalent problem for a 
nonabsorbing gas. Bevans and Dunkle [7] used 
a radiation network technique to analyze the 
radiative energy interchange in a nongray en- 
closure containing an isothermal, nongray 
absorbing and emitting gas. Three methods 
were treated: an exact solution accounting for 
spectral line structure, a “band energy” approxi- 
mation in which the smoothed gas bands are 
separated into a number of frequency intervals 
such that the radiosity or emissive power varies 
slowly within each interval, and a gray radiation 
approximation. They claim that the appli~tion 
of the exact method to “a physical situation is a 
practical impossibility” due to the very large 
number of expressions required for a solution. 
A discrepancy of 63 per cent between the gray 
and band energy approximations was found for 
the particular conditions treated, thus empha- 
sizing the weakness of the gray gas assumption. 
Edwards [S] developed criteria for the selection 
of band limits to improve the accuracy of band 
energy methods. An exponential band model 
developed by Edwards was used by deSoto [9] 
to analyze the radiative emission from an 
axisymmetric, nongray, nonisothermal gas 
system of any optical thickness. The analytic 
procedure was applied to a nonisobaric rocket 
exhaust plume which included a surface region 
of varying chemical composition. An uncoupled 
analysis of radiation and convection was treated 
by deSoto and Edwards [lo] for the laminar 
flow of a nongray, nonisothermal gas (CO,) of 

any optical thickness in the entrance region of a 
tube with black walls. The temperature de- 
pendence of the spectral absorption coefficients 
was included. Some of the results obtained in 
[lo] will be compared here with those obtained 
for the coupled problem. Howell and Perl- 
mutter [ll] applied the Monte Carlo method 
to a nongray, stagnant, nonconducting gas 
between infinite, parallel, black walls with a 
one-dimensional temperature distribution. 

The analysis and results to be presented 
involve a nongray gas (CO,) with all three 
optical density ranges and with an axisymmetric 
temperature and density distribution. The radi- 
ation interacts with the conduction and con- 
vection transport processes for flow in the 
entrance region of a tube with black, isothermal 
walls. The inlet gas temperature is uniform with 
respect to the radius, the tube wall is isothermal, 
and the velocity-density product is parabolic. 
The dist~bution of the axial and radial com- 
ponents of the local radiant heat flux within the 
gas are computed along with the temperature 
distribution. Since the method is applied to the 
entrance region of the tube, the solution might 
be considered an extension of the classical 
“Ciraetz problem” which does not include 
radiative effects and treats convection and 
conduction effects in the “entrance region” of a 
tube with fully developed laminar flow. This 
problem has been given extensive treatment in 
the literature [12-14]. It will be shown that at 
sufficiently elevated temperatures (e.g. 25OWR) 
the radiation mechanism profoundly alters the 
temperature distribution and considerably re- 
duces the heat conduction at the wall, while 
contributing an additional radiant flux. 

ANALYSIS 

It will be assumed that the flow is hydro- 
dynamically developed, laminar, and steady. 
This obviates the use of the momentum equa- 
tion. The axial component of heat conduction 
is considered negligible and the thermal con- 
ductivity is assumed constant. For the condi- 
tions treated viscous dissipation and compressi- 



42 SIMON DESOTO 

bility effects are negligible. There are no heat 
sources involved except for the nonuniformly 
distributed emission of radiation from the gas, 
and chemical reactions or mass diffusion will 
not be considered. These conditions determine 
the form of the energy equation. Under these 
conditions, the local mass velocity pu becomes 
(2rir/rrR~)(l - r2/R$, where ti is the mass flow 
rate and R, is the tube radius. Thus the energy 
equation reduces to 

Equation (1) is an integrodifferential equation 
since the radiation terms must be expressed in 
terms of functions involving multiple integrals. 
The development of these radiation integrals 
will now be discussed briefly in the section that 
follows. 

Radiative transfer 
In developing the radiation integrals it will be 

assumed that scattering effects are negligible 
and that the index of refraction is unity ; i.e. an 
infinitesimal mass element of gas does not alter 
the direction of the incoming radiation. These 
are realistic assumptions for radiation in gases 
in the infrared range. Further, local thermo- 
dynamic equilibrium is assumed to exist. There- 
fore the equation of transfer may be written [ 151 

1 dl,(s) 
- ~- = Iv(s) - I*&). 

ox, ds 
(2) 

Equation (2) is a nonhomogeneous equation 
whose solution may be found by the method of 
variation of parameters. For an internal point 
in a gas bounded by walls the solution may be 
shown to consist of two pairs of spectral 
intensity terms, one pair in the positive sense 
and one in the negative sense, which may be 
written as follows : 

Z;,, = ‘1’ px,l,, exp [ - 3 px, ds’] ds (3) 
0 0 

L,, = Zwtv exp [ - a’ px, ds]. (4) 

The subscript wl refers to that part of the tube 
wall below the x’ - z’ plane, whereas w2 [in 
equations (5) and (6)] refers to the tube surface 
above the x’ - z’ plane in Fig. 1. The term 
Z;_, represents the spectral intensity at the area 
element dA (see Fig. 1) due to the emission and 

Intersection point 

at the upper wall 

the X’-2’ plane) 

Intersection point 
at the lower wall 

The subscript WI refers to that port of the tube wall below theXLZ’plane 

The subscriptW2 refers to the tube surface above theX’-I’ plane 

FIG. 1. The tube geometry 

interlayer absorption effects of the gas along a 
line of sight in the region below the X’ - z’ 
plane. The term Z,.,, represents the spectral 
intensity at the area element dA due to wall 
emission at the end of the line of sight in the 
region below the x’ - z’ plane after accounting 
for the absorption effects of the intervening gas 
elements. The corresponding expressions for 
the intensities in the q+ direction are 

l:,** = sj2 px,Z,, exp [ - j px, ds’] ds (5) 
0 0 

cw.ll = Iw2v exp [ - ‘I* px, ds]. (6) 
0 

The spectral radiant heat flux may be ex- 
pressed as 

qJA = q:/A - q;/A = lj (I: - I;) sin 8 

cos 0 d0 d$ (7) 
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where effect on the radiation at the collection point. 

1: = ‘G_. + CL (8) 
These volume elements should therefore be 
smaller. The spherical system automati~lly 

z; = z;*, + zywl*. (9) satisfies this condition. For a transparent 

When equations (3-6) are substituted in equa- 
medium, a fixed pencil of radiation or solid 

tion (7) and an integration over all wave 
angle with its apex at the collection point 

numbers is performed, there results 
requires no correction for an “inverse square 
attenuation” effect. 

q/A = q+/A - q-/A 
+ y’ 

x sin~cos~d~d~dv 

constant plone 

FIG. 2. The geometry for the radial radiative component. 

x sin @ cos 8 d0 db dv. (10) Since the property distributions in the tube 

Equation (10) represents the local radiative heat 
flow are most conveniently expressed in terms 

flux passing by any interior infinitesimal area 
of cylindrical coordinates, a coordinate trans- 

element within the gas system. Actually the 
formation from the spherical system to the 

limits of the angular coordinates in equation (10) 
cylindrical system is necessary. For the radial 

imply that this area element is oriented as shown 
radiative component, this transformation is 

in Figs. 1 and 2. Hence equation (10) and the r = [s2(cos2 9 + cos’ 4 sin’ 6) - 2RS cos 0 
development shown above apply strictly to the 
radial component of the radiative heat flux. 

+ R']+ (11) 

However both the (q/A)? term and the (q/A)yd and 

term in equation (1) can be expressed as equa- 
tion (10) except that the variables 8 and cfi and 

x, = s sin 8 sin 4 + x0. (12) 

their limits are defined differently for each case. For the axial radiative component the corres- 

Figure 3 defines these variables and their limits ponding transformation equations are 

for the axial component, and Fig. 2 describes 
them for the radial component. The variables 8 

r = [s2 sin’ 8 - 2sR sin 0 cos 4 + R2]* 

and r#~ are two of the coordinates of a spherical (131 

coordinate system. and 
The spherical coordinate system (s, 8,& used 

in Figs. l-3 seems to be the natural system to 
xc = scose + x(). (14) 

express radiation phenomena. The area element The above coordinates are described in Figs. 2 
receiving the locat value of the radiative flux and 3. As far as the calculation procedure is 
may conveniently be located at the center of concerned, this means that a different geometric 
such a system. Due to interlayer absorption transformation would be required for the radial 
effects, those volume elements nearer the radia- and axial radiative components. That is, equa- 
tion collection point exert a more prominent tions (11) and (12) would be used in conjunction 
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with equation (10) for the radial component of 
the radiative flux, whereas equations (13) and 
(14) would be used for the axial component. 

If a separate coordinate transformation is 
used to evaluate both the radial and axial 
components of the radiative flux, the computer 
execution time is essentially doubled since a 
separate line of sight integration process is 
necessary for each of these components. Under 

nt plane (cross hatched ) 

4 onddA anin theY’-I’plane 

8 and z are in the + = constant plane 

FIG. 3. The geometry for the axial radiative component. 

such circumstances a different set of points in 
the three-dimensional space would be scanned 
in each case. This time consuming duplication 
of the lengthy integration process is unnecessary. 
It is possible to simultaneously calculate both 
the axial and radial components of the radiative 
flux by performing only a single set of line of 
sight integrations, i.e. by scanning the three- 
dimensional space only once. This procedure 
can be explained briefly as follows. 

Although the limits of equation (10) apply 
only for the radial radiative components, the 
form of the integrand is the same for both axial 
and radial components. It is noted that the 
term sin 0 de d+ in the integrals of equation (10) 
represents an infinitesimal solid angle increment. 
The superscript r is appended to this term for 
the radial component system in Fig. 2 and the 
superscript a for the axial component system in 
Fig. 3. The same set of solid angle increments 
and their associated lines of sight may be used 
for evaluating both the axial and radial radiative 
components. Hence 

(sin f3 de db)’ = (sin 0 de d$)“. (15) 

Now (cos 0)s may be expressed in terms of (0)’ 

and (4)’ by equating equations (12) and (14). 
Since a given point on a particular line of sight 
will have common values of x,, s and x,, whether 
the axial contribution or radial contribution is 
being computed, there results 

(COS 0y = (sin 6 sin 4)* (0 < 6, < n) (16) 

Hence 

(sin 0 cos 8 de d$)” = (sin’ 8 sin 4 de d4)‘. 

(17) 

If the superscript a were appended to the 8 and 
4 variables in equation (lo), this equation would 
then represent the axial component of the 
radiative heat transfer in the system shown in 
Fig. 3 (the 0 and 4 limits would be changed to 
correspond). Equation (17) is then substituted 
in equation (10) to obtain an expression for 
(q/A)? in the spherical system (s, 0, 4) shown in 
Fig. 2 and the axial component may be evalu- 
ated along with the radial component in the 
same spherical system associated with the radial 
component. 

Due to the complexity of the integrodiffer- 
ential energy equation [equation (l)], in which 
the coupling of the temperature and radiative 
flux distributions is apparent, a numerical 
solution is necessary. The numerical solution 
technique chosen is iterative in nature. First a 
temperature distribution is estimated (e.g. the 
Graetz distribution) and the radiative flux 
distribution is computed by evaluating equation 
(10) by a trapezoidal multiple integration. When 
the net radiative flux distribution is known, the 
temperature distribution is computed by solving 
equation (1) with a finite difference method. A 
new radiative flux distribution is then computed 
along with a new temperature distribution. This 
procedure is iterated until an acceptable degree 
of convergence is attained. Four iterations were 
required to obtain the results to be shown. 

An exponential band model for COZ, de- 
veloped by Edwards and Menard [16], was 
used to produce values of the spectral absorption 
coefficient as a function of temperature and 
wave number. This model, which was used to 



COUPLED RADIATION, CONDUCTION AND CONVECTION 45 

correlate data for temperatures below approxi- 
mately 25WR, is described by the equation 

(18) 
where n = 3 and C, = 4.7, 110 and 19 (cm-‘/ 
g-m-2) for the 2.7, 4.3 and 15 p bands res- 
pectively; C3 = 22, 115 and 129 (cm-‘) for 
the 2.7, 4.3 and 15 u bands respectively ; v. = 
3750, 2435 and 667 (cm- ‘) for the 2*7,4*3 and 
15 n bands respectively. The band model is 
described more fully in [16]. 

RESULTS 

The results obtained are shown graphically 
in Figs. 4-10. Constant values of the thermal 

Radius I, in 

4. T(r, x) for the coupled tube problem and the Graetz 
problem. 

2600 

2500 

2300 

2200 

2100 

2000 

ax )- 

70( I- 

60( 11 
50( )O 

- Couoled 
/,’ I/ 

,//’ --- Grab 
,’ /CL’ >-_ I I I 

2 3 4 5 6 

Axial location X0, ft 

FIG. 5. T(x, r) for the coupled tube problem and the Graetz 
problem. 

conductivity and specific heat were taken for 
the conduction and convection terms in the 
energy equation. Values of cP = 0.285 Btu/lbm- 
“F and k = 0.03 Btu/h-“F-ft were selected 
(corresponding to the properties of CO, at a 
mean temperature of 15WR). The mass flow 
rate used was 10 lbm/h in the 2-in dia. tube 
treated. This produced a maximum centerline 
velocity (at the tube exit) less than 10.6 ft/s at 
the pressure of one atmosphere assumed to 
exist in the tube. Thus compressibility effects 
were safely neglected. The optical length based 
on the tube diameter varied from a value of 
essentially zero in the band wings to a maximum 
value of fifty-two at the head of the 4.3 p band 
and at the temperature existing at the tube 
entrance (530”R). The local densities were com- 
puted, with the perfect gas equation of state, 
everywhere in the gas to determine the optical 
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0 “6 “3 “2 213 
I 

Radius r , in 

FIG. 6. Radiative heat flux distribution. 

-0401 

FIG. 7. Local radiative heat-transfer rate. 

-0.35 

r = I in 

-0 30 

Axial location x, 1 ft 

FIG. 8. Local radiative heat-transfer rate. 

thickness increments in the radiation integrals. 
The tube wall temperature was taken as 25WR 
and the inlet gas temperature and pressure were 
530”R and one atmosphere. The above input 
parameters produced a Reynolds number of 
1000, hence the velocity profile, as has been 
mentioned elsewhere, was taken as laminar and 
fully developed. The tube dimensions used were 
2 in. in diameter and 6 ft in length. This 36 to 
1 length to diameter ratio was sufficient to 
include all of the interesting entrance effects. 
The radius was divided into six equal increments 
and tube length into twelve equal increments (a 
“six by twelve mesh”). A black porous disk was 
assumed to exist at both ends of the tube. The 
temperature of the inlet disk was taken as the 
inlet gas temperature while the temperature of 
the disk at the discharge end was taken as the 
wall temperature. These conditions were chosen 
to produce convenient but reasonable boundary 
conditions for the radiation terms at the ends of 
the tube. Although the discharge disk in 
particular might be considered somewhat arti- 
ficial, it fairly well simulates an elbow located 
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Axiol locotbn xm ft 

FIG. 9. Local heat flux at the wall. 

at the end of the tube. Due to geometrical 
considerations alone, the local radiation to any 
point in the gas is not significantly affected by 
conditions existing more than three to six 
diameters away. Hence the temperature distri- 
butions, computed at the positions 5 and 53 ft 
downstream of the tube entrance, are essentially 
unaffected by the disk assumption. 

The question of using dimensionless para- 
meters suggests itself. It seems appropriate to 
immediately state that a dimensionless treatment 
would require first of all a geometric similitude. 
Further, the boundary conditions. must be 
similar. As pointed out by Goulard the reduced 
properties must be a function of the other 
properties only in their reduced form. Goulard 

I ‘i Spectml gas 

mdlollva heat 
transferred from 

Wove number u, an-1 

FIG. 10. Comparison of the thick and thin gas approxi- 
mations with the exact results, hot wall-cold gas. 

concludes as follows : “Similitude is not a precise 
tool in the general case of radiation gas dy- 
namics. However, many cases of interest fall 
within asymptotic cases where some terms 
vanish, or simpler expressions can be used, or 
simplified representations can be allowed for a 
limited range of properties.” Such simplified 
representations, for example, involve the gray 
gas assumption, or the thin gas assumption, or 
the thick gas assumption. It has been found, 
however, that these assumptions are not realistic 
for the case to be treated here, which involves 
intermediate optical thicknesses. The frequency 
dependence of the nongray gas also complicates 
matters considerably. This is especially true 
when the spectral absorption coeflicients are 
also temperature dependent. Thus, all other 
conditions being similar, two different gases 
whose absorption coefficients have a different 
frequency and temperature dependence would 

D 
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produce different effects as a result of this 
dependence. Since for most common gases, such 
as GO2 this functional relationship can be ex- 
pressed only with approximate models, a di- 
mensionless treatment would only apply for a 
particular model of a particular gas. Thus its 
utility is very limited, and the results of this 
investigation are left in dimensional form. 

D~SCU~ION 

The computed temperature distribution for 
the coupled tube problem is shown in Fig. 4 as 
a function of the radius with x as a parameter. 
The solid lines represent the results of the 
coupled analysis, while the superposed dashed 
lines represent the Graetz distribution in which 
radiation effects are ignored. The inclusion of 
the radiative effects is seen to produce a drastic 
difference in the results. Figure 5 shows the same 
distributions plotted as a function of the axial 
position x with the radius r as a parameter. The 
radial component of the radiative flux (Btu/s-ft’) 
as a function of T and x is plotted in Fig. 6, and 
the corresponding radiative heat-transfer rate 
(Btu/s) is shown in Figs. 7 and 8. The distribution 
for x = 6 ft is shown twice in Figs. 6 and 7. The 
solid lines were obtained directly from the 
calculated results and reflect the artificial effect 
of the black porous disk at the wall temperature 
assumed to exist at the downstream end of the 
tube. The dotted lines were obtained by simply 
extrapolating the curves of Fig. 8 past 5$ ft, and 
are approximately the distributions that would 
have been predicted had the tube length been 
extended so as not to impose the porous disk 
effect at x = 6 ft. 

The distribution of the axial radiative com- 
ponent at the tube entrance is shown as the 
dotted line in the upper region of Fig. 6. The 
computed values of the axial radiative com- 
ponent at the positions x 2 3 ft were found to 
be so small as not to warrant plotting on Fig. 6. 
Thus, it was found that although the axial 
radiative component is large at the tube 
entrance, it decreases rather abruptly as the 
flow proceeds only a short distance into the 

tube and its effect thereafter is very small. 
Figure 5 shows that the axial component of the 
heat conduction (the slope of the curves) is large 
at the tube entrance (at the larger values of the 
radius) and decreases sharply as the flow pro- 
ceeds downstream. The influence of the axial 
components therefore is expected to be small 
throughout the tube except for that small 
region near the inlet disk in which the effects of 
the axial components are felt, for a very short 
interval, and subsequently diffused in the down- 
stream direction by the convection mechanism. 
The effect of the axial component of radiation 
was checked by exercising a program option 
which deletes the axial component from the 
energy equation and a negligible change was 
found in the temperature response shown, which 
includes the effects of both axial and radial 
radiative components. 

The conductive and radiative heat fluxes at 
the wall, along with the sum of these two fluxes 
(the total heat transfer), are shown plotted in 
Fig. 9 at various axial positions for both the 
coupled and uncoupled conditions. The un- 
coupled radiative flux was obtained from the 
results of an uncoupled tube program [lo]. The 
Graetz temperature distribution computed for 
the uncoupled problem was used to deduce the 
local conduction at the wall. 

It is interesting to note that Figs. 6 and 7 
indicate a maximum radiative heat flux and 
radiative heat-transfer rate, respectively, existing 
in the gas interior at progressively smaller radii 
as the flow proceeds into the tube. This effect 
can be easily explained with the following 
simplified concept of the flow field: If for the 
moment the flow in the tube were assumed to be 
comprised of only two distinct zones, a cold core 
of gas and a hot “thermal boundary layer”, then 
the local radiative heat-transfer rate from wall 
to gas in the hot boundary layer will be de- 
creased by the effect of the reradiation from the 
hot boundary layer back to the wall. Due to 
s~metry the net radiative flux or hat-tr~sfer 
rate at the axis is zero. Hence the maximum will 
exist neither at the wall nor at the axis of 
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symmetry. For such a simplified system, the 
maximum net radiative heat-transfer rate will 
occur in the cold region in the vicinity of the 
interface between the cold gas core and the hot 
boundary layer. Since the thermal boundary- 
layer thickness increases as the entrance region 
flow proceeds downstream, both the maximum 
radiative heat flux and radiative heat-transfer 
rate exist at progressively smaller values of the 
radius as shown in Figs. 6 and 7. Although the 
true flow pattern does not consist of two 
distinct regions as imagined above, the same 
qualitative argument is still valid. It is worth 
mentioning at this point that in evaluating the 
local absorption of energy, the heat-transfer 
rate (energy per unit time) is more significant 
than the heat flux (energy per unit time per unit 
area). In considering the energy absorption 
effects for flows between flat plates, for example, 
the heat flux is directly proportional to the heat- 
transfer rate, whereas for flow in a tube, a 
uniformly distributed heat-transfer rate, with 
respect to the radius, produces a heat flux which 
is inversely proportional to the radius. Thus the 
change in the heat-transfer rate (radiative or 
conductive, etc.) rather than the change in the 
heat flux is a more meaningful measure of the 
energy absorbed or rejected locally. This can 
be seen by interpreting the energy equation. 

Near the entrance of the tube, at x,, = 3 ft, 
say, the radiation emitted by the wall is quickly 
absorbed by the cold gas core as this radiation 
migrates from the wall toward the tube axis. 
This is shown by the sharp decrease (moving 
from right to left) in the curves in Figs. 6 and 7 
at x0 = 3 ft. For this axial location the high rate 
of radiation absorption exists at radii less than 
2 in or so. The maximum rate of radiation 
absorption exists at the inflection points, i.e. 
points of maximum slope, of the curves shown 
in Fig. 7. The sharp temperature gradients, at 
the various axial positions, that produce this 
effect can be seen in Fig. 4. The negative slopes, 
of the curves in Fig. 7, to the right of the maxima 
indicate that in these “radiation boundary 
layer” regions near the wall there is a net 

radiative emission from the gas rather than an 
absorption. Since by the Second Law this 
radiative heat transfer cannot flow to the hotter 
wall, it must be emitted toward the cooler gas 
core. The net radiant heat emitted by this hot 
boundary layer in the gas is more than com- 
pensated for by the effect of conduction from 
the wall. Thus in spite of the radiant heat 
emitted by this layer, its temperature increases 
steadily, at a constant radius, in the direction of 
flow, as can be seen in Fig. 4. All modes of heat 
transfer must obey the Second Law. They must 
individually flow in the direction of the de- 
creasing temperature gradient. Further, it is 
interesting to note that the orthogonal com- 
ponents of each energy flow mode interact with 
each other, as well as with the other modes of 
energy flow. The significant absorption of 
radiation in regions near the inflection points 
of Fig. 7 affects the temperature distribution. 
Thus the S-shaped curves in Fig. 4 are bowed 
concave downward more pronouncedly than 
the equivalent Graetz profiles (shown dotted). 
Even the Graetz profiles are bowed slightly 
concave downward in this region. The net result 
is that the local conduction at the wall is 
decreased because of the interaction of the 
radiation mechanism. This effect is shown 
quantitatively in Fig. 9. 

It is interesting to study the characteristics of 
the curves in Fig. 8 in view of the integral form 
of the energy equation. If the axial component 
of the radiative heat transfer is neglected, the 
above energy equation may be integrated with 
respect to the radius between a lower limit rl 
and an upper limit r2 to give 

- r2CW~)cond + wa%i& (19 
Fluxes in the negative I and x directions are 
taken as negative. The above equation implies 
that for an annulus of gas, existing in the steady 
state and of unit axial length with an outer 
radius r2 and an inner radius rl, the increase in 
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the fluid enthalpy as it flows downstream is due 
to a net transfer of both heat conduction and 
radiation. Let the outer radius of the annulus be 
taken as the tube wall radius and let the inner 
radius be taken as any other. Figure 8 indicates 
that the curve for the l-in radius (the wall radius) 
intersects three of the curves shown, within the 
6-ft tube length. The crossover point for the one- 
inch curve and the curve at 2 in lies at an axial 
position slightly less than 1 ft. This means that 
downstream of this axial location, an annulus of 
gas bounded by the wall and by an inner 
cylindrical surface at a radius of g in, the 
radiative heat flux emitted by this annulus to 
the cooler gas core exceeds the radiative heat 
flux that this annulus receives from the wall. 
Since the convection term is increasing, the 
conduction to the annulus from the wall exceeds 
the conduction from the annulus to the cooler 
gas core. As the flow progresses further and 
further downstream, the inner radius of the 
annulus of gas, which radiates more heat than 
it receives from the wall, decreases until it 
reaches the centerline in the limit as the axial 
location approaches infinity. Thus, as the curve 
at a radius of one inch in Fig. 8 asymptotically 
approaches the x axis at infinity, as do all the 
other curves, it will have crossed all the other 
curves. 

It has been mentioned that the heat con- 
duction at the wall is decreased due to the 
interaction of the heat-transfer mechanisms. It 
was found that the thickening of the thermal 
boundary layer by the radiative transfer effect 
produces a lower radiative heat flux from wall to 
gas for the coupled analysis than would have 
been computed on the basis of the original 
Graetz (or uncoupled) temperature profiles. 
This effect is shown in Fig. 9. Thus (for the hot 
wall-cold gas case treated) the interaction or 
coupling of radiation produces a lower value of 
both the radiative heat flux and the conductive 
heat flux at the wall than would have been pre- 
dicted by the use of the uncoupled (Graetz) 
temperature profiles that are computed on the 
basis of conduction and convection alone. The 

sum of the radiative and conductive fluxes at 
the wall represents the total heat flux there and, 
as can be seen in Fig. 9, there is a drastic 
difference between the total fluxes computed on 
a coupled and an uncoupled basis. This differ- 
ence is greater at the axial positions further 
downstream because, as can be seen in Fig. 4, 
the temperature distribution at x0 = 6 ft, for 
the coupled analysis, is almost isothermal while 
for the uncoupled case the temperature gradients 
are still relatively high. 

In Fig. 9 the radiative flux alone computed 
for the uncoupled case is seen to be much 
larger than the total flux for the coupled 
condition for x0 larger than 2 ft. This reflects 
the relatively high rate of temperature response 
in the coupled case due to the relatively strong 
absorption of radiation by the gas at the lower 
values of x0. The gross error that can be made 
in predicting the local heat flux to the ball, in 
the entrance region, when the radiation mech- 
anism is completely ignored is seen in Fig. 9 by 
comparing the uncoupled convective heat flux 
distribution with the total heat flux distribution 
for the coupled case. 

A comparison with a crude approach 
In order to compare the results of the coupled 

solution with results that might be obtained by a 
simplified estimate which involves the calcu- 
lation of the uncoupled convective effect and an 
uncoupled radiative effect, the following “crude” 
equation was used : 

The local convective heat-transfer coefficient h 
was obtained from the classical Graetz problem 
solution. Following Hottel’s recommendation 
[17], the total absorptivity, ccc, of the gas was 
evaluated at T, and at PL(T,/T,), rather than at 
PL, and the result was multiplied by (7”7’,‘,)“‘65. 
The total emissivity of the gas was evaluated at 
a temperature “representative” of the distribu- 
tion in the gas (e.g. the bulk temperature). These 
values, of the total absorptivity and emissivity 
were obtained from a chart which was deduced 
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by an integration over all wave numbers in- It is seen that the thin gas approximation 
volving the spectral absorption coefftcients used. overestimates both the gas emission and the 
In order to assess the effects of an uncoupled radiative heat flux at all wave numbers except 
solution based on total emissivities and absorp- for a small spectral region in the band wing 
tivities, the bulk temperatures used were those where the spectral absorption coefficients are 
obtained from the coupled problem solution. very low. This overestimation exists simply 
Table 1 shows the values (A) of the local heat because interlayer absorption is ignored in the 
flux obtained with this crude uncoupled method approximation. The diffusion approximation 
along with the values (B) obtained from the correlates the radiative heat flux rather well for 
coupled problem solution, i.e. Fig. 9. It is seen a small spectral region near the band head 
from Table 1 that the approximate method is where the optical densities are high, but pro- 
inadequate. duces values which are much too high over the 

Table 1 

X0 1 2 3 4 5 6 

(A) W&,.al equation (20) 1.2 0.96 0.73 0.47 0.31 0.22 

(B) W&M Fig. 9 0.8 0.53 036 0.24 0.14 0.09 

The optically thin and thick gas assumptions 
An assessment was made of the transparent 

gas assumption (thin gas) and the diffusion 
approximation (thick gas) as a matter of interest. 
To do this the local radiative flux at the tube 
wall was computed for an assumed pressure of 
one atmosphere and a gas temperature distribu- 
tion which was radially linear and invariant 
with axial position. The tube centerline tempera- 
ture was taken as SWR while the tube wall 
temperature was assumed to be 25WR. The 
spectral absorption coefficients represented by 
equation (18) were used for the 4.3 u band (only) 
of COz. According to the diffusion approxima- 
tion the local radiative heat flux at the wall is 
given as 

while the transparent gas assumption produces 
the expression 

These expressions were used to produce the 
spectral results shown in Fig. 10. Superimposed 
on this figure are results (labeled “exact”) which 
were produced by an uncoupled analysis with 
the use of a digital computer (see [lo]). 

rest of the band. This behavior is due simply to 
the fact that the thick gas approbation 
accounts only for local conditions at the wall 
and ignores the different temperature levels 
existing at the gas core. It was speculated that 
the thin and thick gas approximations might be 
used to construct a simulated band response 
with the band peak represented by the inter- 
section point of the two curves. This could be 
done with much less effort than required by the 
more exact calculations. But for the case shown 
in Fig. 10 the simplified prediction would be too 
high by a factor of roughly two. Thus for nongray 
gases of high, low, and inte~ediate optical 
densities, both the transparent gas approxima- 
tion and the diffusion approximation are seen 
to produce significant errors in some spectral 
region. 

CONCLUSIONS 

1. The interaction of radiation with con- 
duction and convection profoundly affects the 
temperature distribution for the conditions 
treated. 

2. The axial component of radiation was found 
to have a negligible effect on the temperature 
distribution. 
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3. A “radiation boundary layer” was found to 
exist. This layer, which thickens in the flow 
direction, emits more radiation to the cool gas 
core than it absorbs from the hot wall. This net 
emission is more than compensated for by the 
conduction of heat from the wall. 

4. For the hot wall-cold gas condition treated, 
the interaction or coupling of radiation with the 
conduction and convection mechanisms de- 
creases both the local conduction and radiation 
at the wall. Thus the total heat flux at the wall, 
computed on a coupled basis, is significantly 
less than that computed on an uncoupled basis. 

5. The uncoupled local convective heat flux 
(the Graetz problem) was found to be less than 
the coupled local total heat flux, at the wall, near 
the tube inlet. The two fluxes became equal at 
some downstream location (at approximately 
twenty-seven diameters). The uncoupled con- 
vective heat flux then becomes greater than the 
coupled total heat flux as the flow proceeds 
further downstream. At any given axial location, 
the bulk temperature given by the Graetz con- 
vection is lower than that indicated by the 
solution of the coupled problem. 

6. A crude approach for predicting the total 
heat-transfer rate at the tube wall, based on the 
uncoupled convective heat-transfer coefficient 
(the Graetz problem) and a radiative flux based 
on the bulk mean temperature and total gas 
emissivities, produced results which were higher 
(by as much as a factor of two and one-half) than 
the total heat flux predicted with the use of the 
coupled program. 

7. For the nongray gas and geometries 
treated, the optical density was very low at the 
band wings and very high at the band heads. 
Thus, although the transparent gas approxima- 
tion correlated the spectral results obtained at 
the wing of the 4.3 u band and the diffusion 
approximation correlated the results at the band 
head, neither of these approximations were 
found adequate for the entire band. 
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R&mm&On expose une methode thtotique pour ttudier I’interaction ou le couplage du rayonnement 
avec les mkcanismes de conduction et de convection dam un kcoulement de gas non-gris et non-isotherme 
dans la r&ion dent&e d’un tube avec des parois nones et isothermcs. On considkre un kcoulement Ctabli 
hydrod~~quement et Iaminaire. On a trouve que le rayonnement modifie ~ne~quement la dist~bution 
de temperature et le transport de chaleur par convection dans 1’6coulement cylindrique consider& Ni 
l’hypothese du gaz gris ni ceile du gaz transparent ni I’approximation de la diffusion n’est demandee 
puisque I’on a trouve que chacune etait insufficante. Ainsi les effets d’absorption d’intercouche dun gaz 
non gris et non isotherme sont pris en compte dans I’analyse. On a tenu compte a la fois du rayonnement 
des composantes axiale et radiale. On a utilisi: un modble exponentiel de bande pour rep&enter la depen- 
dance en fonction de la temperature et de la Wquence des coefficients d’absorption spectrale. 

L’analyse n’est pas restreinte B I’emploi du modele exponentiel de bande employ&, comme exemple 
satisfaisant, pour rep&enter Ies prop&es de rayonnement du CO,. La fo~ulation exacte de l’interaction 
du rayonnement, de la conduction et la convection darts un milieu non gris, Cmetteur et recepteur, et en 
tcoulement est represent&e par une equation integrodifferentielle nonlintaire qui a tti: resolue numtrique- 
ment. Les r&hats de diverses methodes simplitiees de prevision ont CtC compares avec les rbsultats 

exacts obtenus. 

Zusammenfassung--Urn die Wechselwirkung der WIrmestrahlung oder ihre Koppelung mit dem Mech- 
anismus der ~~eleitung und Konvektion in einem nicht-isothe~en, nicht-grauen Gas, im Einlaut- 
bereich eines Rohres mit schwarzen W&den zu erforschen, wurde eine Ber~hnungsmethode entwickelt. 
Die Striimung wird laminar und hydrodynamisch ausgebildet angenommen. Es ergab sich, dass die 
Strahlung die Temperaturverteilung im Robr und den konvektiven Wiirmetibergang in dem betrachteten 
Bereich drastisch beeinflusst. Weder die Annahme eines grauen oder durchliissigen Gases noch die Dif- 
fusionsnlherung werden venvendet, da sich beide als ungeeignet erwiesen. So wird fiir die Berechnung 
die Absorption in einem nicht-grauen, nicht-isothermen Gas berticksichtigt. Sowohl die radiale als such 
die axiale Komponente der Strahlung sind eingeschlossen. Urn die Temperatur- und Frequenzabhangig- 
keit des Abso~tionskoefflzienten xu ~~cksichtigen, wird ein Exponentialmodel Fur die Bande angenom- 
men. Die Berechnung ist nicht auf dieses Model1 beschriinkt, welches, als gtinstigstes Beispiel, verwendet 
wurde, urn die Strahhtngseigenschaften von CO, wiederzugeben. 

Die genaue Formulierung der Wechselwirkung von Strahlung, Leitung une Konvektion in einem 
fliessenden, nicht-grauen, emittierenden und absorbierenden Medium wird durch eine nichtlineare 
Integro-Differentialgleichung gegeben, die numerisch gel&t wurde. Die Ergebnisse verschiedener verein- 

fachter Bcrechnungsmethoden werden mit den genauen Ergebnissen dieser Gleicbung verglichen. 

AEEoT~H~-Faapa6oTaH aHa~KTM~ecKK~ MeToZf Kcc~e~oBaH~~ ~oK~ecT~or0 K~~y~eK~K, 

TeIIJlOIipOBO~HOCTB Xl KOHBeKqiiK B nOTOKe HeK8OTepMWieCKOrO HeCepOrO ra3a BO BXOnHOM 
yWCTKe Tpy6b4 C BaOTepMH'IeCKHMW WPHbIMU CTeHKaMM. nOTOK CnKTaeTCR IWn~O~KHaMFi- 
YeCKH paEiBUTbtM H JlaMkiKapHbtM. HaRneHo, ‘IT0 HWlyYeHMe Ype8BblYaiiHO CMnbHO BJIKReT Ha 

pacnpenenenne TeMnepaTypbI II uonseuTwnunfi TennooBmeu B none nccnenyentoro qmsirr- 

fip"YeCKOr0 Te'leHklR. B AaHHOM KCCneAOBaHHA He npHtlJIeKanOCb HH npa6nKHteme CepOrO 
rasa, HII Kp~6~~~eH~e npoapaworo rasa, HII ~K~~ya~oHHoe ~pK6n~~eKKe, nocKosbKy 

BceoKKoKaaa~K~b~a~paBoMepH~M~.TaK~M 06paaoM,npaaHajruaey9kt~saKtTe~atPQteKTsl 

norno~emx BHYT~H cpenbs ria Heceporo neKaoTepMn~ec~or0 raaa, a TaKlfEe oceaan II pamasb- 
Kan JIyYKCTHe cocTaBnmoInKe. &TFi KhlrpameHKrr aaBnCMMOCTH KOBi#@HnWeHTOB CneKTpanb- 
nor0 nornomeHKs 0T TemnepaTypbr El YacToTbt Kcnonb30Banacb aKcnoneHnnanbHafr nioneab 
nonocbt. AKanua He OrpaHHYeH npaMeneHneM aToti MOAenn, KoTopan ynanno nnnrocTpwpyeTcfi 
Ha npnmepe npHMeHeHMn Anrr HanyuaTenbHbrX CBOtiCTB COa. Towrau @OpMynKpOBKa saan- 
teoAetkTBwn Kanyserimi, TennonpoaonttocTw E KoHserrnrrn B Aenmywetcrr Kecepoil nany- 
saromeg H nor~o~am~e~ cpeae npeAcTaBneHa KHTerpo-as~~peHssajIbH~~ ypaBHeH~e~, 
KoTopoe pemeH0 mcnemo, PeaynbTam paannqHHx ynpo~eHK~x pacreTanx meToao3 

cpamnsanmb c nonyremsnmi TOKH~~MM peaynbTaTanin. 


